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Abstract. We perform ab initio calculations using a pseudo-potential plane-wave method based on density
functional theory, within the local density approximation and generalized gradient approximation, in order
to determine and predict the pressure dependence of structural and elastic properties of spinel compounds:
MgAl2O4, MgGa2O4 and MgIn2O4. The results are in agreement with the available experimental data and
other theoretical calculations.

PACS. 71.20.Nr Semiconductor compounds – 71.15.Mb Density functional theory, local density
approximation, gradient and other corrections – 62.20.Dc Elasticity, elastic constants –
74.62.Fj Pressure effects

1 Introduction

Quantum mechanical calculations have reached a suffi-
cient level of sophistication to reproduce satisfactorily
experimental data, and predict interesting properties in
the cases in which experimental measurements are fully
absent. Among these properties, elastic constants repre-
sent a good test for estimating the quality of a theoreti-
cal approach. They require calculation, point by point, of
the hypersurface of the total energy for appropriate lat-
tice deformations, and numerical calculation of the second
derivatives of the energy with respect to strain compo-
nents.

Elastic properties of a solid are important because they
are closely related to various fundamental solid-state phe-
nomena such as interatomic bonding, equations of state,
and phonon spectra. Elastic properties are also linked
thermodynamically with specific heat, thermal expansion,
Debye temperature, and the Grüneisen parameter. Most
importantly, knowledge of elastic constants is essential
for many practical applications related to the mechanical
properties of a solid: load deflection, thermoelastic stress,
internal strain, sound velocities, and fracture toughness.

MgX2O4 (X = Al, Ga, In) are members of the class of
inorganic materials called spinels. These compounds have
been the subject of many experimental and theoretical
studies, focusing on the structural [1], electronic [2–4],
mechanical [5–9] and optical properties [10–14]. They are
characterized by several desirable properties, e.g. a high
melting point, high reflectivity, high strength, chemical
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resistivity at elevated temperatures and low electrical
loss [15,16] which makes them candidate materials for nu-
merous applications [17–20].

To the best of our knowledge no experimental or the-
oretical calculations on the first-order elastic constants
of MgGa2O4 and MgIn2O4 compounds have been carried
out. Moreover, there appear to be no earlier calculations
of the strain effect on elastic properties of MgGa2O4 and
MgIn2O4 compounds. Hence in order to help to under-
stand and control the material and device properties under
stress, we report in this paper a numerical investigation
based on a theoretical study of the pressure dependence of
structural and elastic properties of MgAl2O4, MgGa2O4

and MgIn2O4 compounds. The study is performed using
a pseudo-potential plane wave method (PP-PW), in the
framework of density functional theory (DFT) within the
local density approximation (LDA) and generalized gra-
dient approximation (GGA).

The paper is organized as follows: Section 2 briefly de-
scribes the computational details regarding the methods
used in our calculations of structural and elastic proper-
ties. In Section 3, the results are presented and compared
with available experimental and theoretical data. Conclu-
sions are given in Section 4.

2 Computational method

The first-principle calculations are performed using a
pseudo-potential plane wave approach based on den-
sity functional theory [21] as implemented in the most
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Table 1. The parameters of the ground-state structures (a0 (in Å) and u), bulk modulus B0 (in GPa) and its pressure derivative
(obtained from the EOS fitting) for MgAl2O4, MgAl2O4 and MgIn2O4 spinel compounds.

MgAl2O4 MgGa2O4 MgIn2O4

Present Expt. Others Present Expt. Others Present Expt. Others

a0 8.0747∗ 8.0832a 7.886b 8.460* 8.27c 8.081b 9.1022∗ – 8.884d

8.0072∗∗ 8.06e 8.072d 8.3122∗∗ 8.341d 8.9447∗∗

u 0.2649∗ 0.2624f 0.2688b 0.2616∗ 0.2614c 0.2683b 0.2561∗ – –
0.2644∗∗ 0.2615g 0.2616∗∗ 0.2558∗∗

B0 208∗ 196f,h 215.2i 163∗ – 211.2i 132∗ – –
198∗∗ 205.01b 188∗∗ 206.91b 146∗∗

220j

227k

213l

B′ 3.20∗ 4.7 ± 0.3f 3.56m 3.75∗ 3.77b 3.9∗

3.38∗∗ 3.4l 3.67∗∗ 4.16∗∗

∗ Using the GGA; ∗∗ using the LDA, a Reference [27]; b reference [30]; c reference [31]; d reference [1]; e reference [32];
f reference [32]; g reference [34]; h reference [8]; i reference [6]; j reference [3]; k reference [35]; l reference [2]; m reference [10].

recent version of the CASTEP package [22]. The exchange-
correlation potential is treated within both the LDA, de-
veloped by Ceperley and Alder and parameterized by
Perdew and Zunger [23,24], and GGA based on Perdew
et al. [25]. The major advantages of the PP-PW approach
are: the ease of computing forces and stresses; good con-
vergence control with respect to all computational param-
eters employed; favorable scaling with number of atoms
in the system and the ability to make cheaper calcula-
tions by neglecting core electrons. The chemically inac-
tive core electrons are effectively replaced with ultra-soft
pseudo-potentials, which in this work were taken from the
CASTEP database. Two parameters that affect the accu-
racy of calculations are the kinetic energy cut-off, which
determines the number of plane waves in the expansion
and the number of special k points used for the Brillouin
zone (BZ) integrations. We have studied convergence with
respect to BZ sampling and the size of the basis set. Con-
verged results are achieved with a 5×5×5 special k-points
mesh [26]. The size of the basis set is given by cut-off en-
ergy equal to 380 eV. Careful convergence tests show that
with these parameters relative energies are converged to
better than 10−6 eV/atom, forces below 0.03 eV Å−1 and
total stresses below 0.05 eV Å−3.

3 Results and discussion

3.1 Structural properties

Spinels MgX2O4 (X = Al, Ga, In) have a closed-
packed face-centered-cubic structure [27], with space
group Fd-3m (Number 227 in the International Tables).
Their unit cell contains eight MgX2O4 molecules. The ox-
ide ions are positioned at the (u, u, u) positions, the eight
X2+ ions at (1/8, 1/8, 1/8) and the 16 X3+ ions at (1/2,
1/2, 1/2). Then its crystal structure is characterized by
two parameters: the lattice constant a0 and the inter-
nal oxygen parameter u. The method used to optimize
the geometry of the structure involves computation of the

self-consistent total energy of the system by solution of
the Kohn-Sham equations, the forces and stresses, using
the Hellman-Feynman theorem, and the subsequent relax-
ation of the electrons, ions and unit cell. The crystal struc-
ture was determined using the condition that the total en-
ergy is minimized from all atomic configurations. The ions
were relaxed until the Hellman-Feynman forces were below
0.03 eVÅ−1 and the cell parameters were relaxed until to-
tal stresses were below 0.05 eVÅ−3. In Table 1 we summa-
rize our calculated structural properties (lattice constant
a0 and the internal parameters u) of MgAl2O4, MgGa2O4

and MgIn2O4 at zero pressure. When we analyze these
results we find that there is an agreement between our
results and the reported experimental and theoretical in-
vestigations. We note that the lattice parameter a0 in-
creases and the internal parameter u decreases going from
MgAl2O4 to MgGa2O4 and then to MgIn2O4. The same
behavior is also found for other spinel oxides [28,29] and is
essentially due to the size differences between the trivalent
cations In+3, Ga+3 and Al+3.

In order to show how the structural parameters under
pressure in these compounds behave, the equilibrium ge-
ometries of MgX2O4 unit cells were computed at fixed val-
ues of applied hydrostatic pressure in the range from 0 to
50 GPa, where, at each pressure, a complete optimization
of the structural parameters is performed. Pressure de-
pendence of the unit cell volume (V ) is shown in Figure 1.
The solid curves p(V ) were obtained by fitting the calcu-
lated values to Murnaghan’s equation of state (EOS) [36].
Bulk modulus B0 and its pressure derivative B′ extracted
from EOS fitting are listed in Table 1. Pressure depen-
dence of the internal parameter (u) is shown in Figure 2.
We clearly observe a quadratic dependence in all curves of
these compounds in the considered range of pressure. The
solid curve is a quadratic least-squares fit. The values of
linear and quadratic pressure coefficients for the internal
parameter of these compounds are given in Table 3. These
curves show that these compounds behave the same way
under pressure. Moreover, these compounds exhibit nega-
tive u vs. p slopes, indicating that when under pressure
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Fig. 1. Equations of state for MgAl2O4, MgAl2O4 and
MgIn2O4 compounds.

Fig. 2. The internal parameter-pressure relation (u–p); the
solid line is a quadratic least-squares fit: u(p) = u(0) + Qp +
Rp2 for MgAl2O4, MgAl2O4 and MgIn2O4 compounds.

these spinels increasingly approach the ideal structure
characterized by u = 0.25.

3.2 Elastic properties

It is well established that first principle studies based
on DFT can be used to obtain reliable elastic proper-
ties of inorganic compounds. Several methods are available
for computation of stiffness coefficients, but currently the
‘stress-strain’ method seems to be most commonly used

Fig. 3. Calculated pressure dependence of the elastic constants
(C11, C12, and C44) and bulk modulus (B0) for MgAl2O4,
MgAl2O4 and MgIn2O4 compounds.

and this is the method used in present work. In this ap-
proach, the ground state structure is strained according
to symmetry-dependent strain patterns with varying am-
plitudes and subsequent computation of the stress ten-
sor after re-optimization of the internal structure param-
eters, i.e. after a geometry optimization with fixed cell
parameters. The elastic stiffness coefficients are then the
proportionality coefficients relating the applied stress to
the computed strain. One strain pattern, with non-zero
first and fourth components, is sufficient to extract all
three independent stiffness coefficients C11, C12 and C44

of the MgX2O4 cubic structure via linear fitting of the
stress-strain dependence [37–39]. We used four strain am-
plitudes, with a maximum applied strain of 0.3%. In Ta-
ble 1, we list our calculated values of the elastic constants
(C11, C12 and C44), bulk modulus B0, Young’s modulus E
and Poisson’s ratios ν for these materials together with
the available experimental data and results of other cal-
culations on MgAl2O4. The elastic constants of MgGa2O4

and MgIn2O4 compounds have not yet been calculated
or measured. We therefore used the available experimen-
tal data on MgAl2O4 to judge the reliability and accu-
racy of our predicted results for MgGa2O4 and MgIn2O4

compounds. From Table 2, we can see that our LDA calcu-
lated values for the elastic constants and bulk modulus for
MgAl2O4 are in good agreement with the available exper-
imental results. From Tables 1 and 2, we can see that the
calculated value of the bulk modulus B0 from the elastic
constants has nearly the same value as the one obtained
from the EOS fitting. These might be an estimate of the
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Table 2. The bulk modulus B0, calculated using the relation B0 = (C11 + 2C12)/3 (in GPa), elastic constants (C11, C12, and
C44 (in GPA)), Young’s modulus E (in GPa) and Poisson’s ratios ν for MgAl2O4, MgAl2O4 and MgIn2O4 spinel compounds.

MgAl2O4 MgGa2O4 MgIn2O4

Present Expt. Others Present Expt. Others Present Expt. Others

B0 180∗ 196a,b 215.2c 163∗ – 211.2c 125∗ – –
196∗∗ 205.01d 186∗∗ 206.91d 147∗∗

220e

227f

213g

C11 262∗ 282k 293.32l 233∗ – – 182∗ – –
276∗∗ 378e 262∗∗ 213∗∗

332f

C12 140∗ 154k 157.09l 129∗ – – 96∗ – –
154∗∗ 140e 145∗∗ 114∗∗

174f

C44 154∗ 154k 150.26l 112∗ – – 68∗ – –
153∗∗ 124e 118∗∗ 71∗∗

E 153∗ 183.74l 140∗ – – 115∗ – –
161∗∗ 158∗∗ 134∗∗

ν 0.3558∗ 0.3488l 0.3566∗ – – 0.3471∗ – –
0.3625∗∗ 0.3571∗∗ 0.3484∗∗

∗ Using the GGA; ∗∗ using the LDA, a Reference [32]; b reference [8]; c reference [6]; d reference [30]; e reference [3]; f reference [35];
g reference [2]; k reference [40]; l reference [41].

Table 3. Calculated linear and quadratic pressure coefficients of the internal parameter: u(p) = u(0) + Qp + Rp2. Calculated
pressure derivatives for the elastic modulus for spinel MgAl2O4, MgGa2O4 and MgIn2O4 compounds.

MgAl2O4 MgGa2O4 MgIn2O4

LDA GGA LDA GGA LDA GGA

Q(10−5 GPa−1) –4.7192 –4.7393 –7.1797 –7.0679 –12.216 –1.2729
R(10−7 GPa−2) 0.0221 0.02678 0.03369 0.0339 0.0695 0.0786

∂B0
∂p

3.37 3.16 3.7 3.597 3.82 3.794

∂C11
∂p

2.59 3.107 2.45 3.083 2.39 3.266

∂C12
∂p

3.79 3.19 4.31 3.894 4.56 4.097

∂C44
∂p

0.29 0.162 0.005 0.014 –0.305 –0.228

reliability and accuracy of our calculated elastic constants
for MgX2O4 compounds. We note a decrease of the cor-
responding elastic constants C11, C12 and C44 in going
from MgAl2O4 to MgIn2O4. The value of calculated bulk
modulus decreases from MgAl2O4 to MgIn2O4, suggesting
that MgIn2O4 is more compressible than the other oxides.
From the elastic constants we obtain the anisotropy pa-
rameter A = 2C44/(C11 − C12) = 2.76, 2.15 and 1.58 for
MgAl2O4, MgGa2O4 and MgIn2O4, respectively. This in-
dicates that elastic properties of the Mg spinels are highly
anisotropic.

We next study the pressure dependence of the elastic
properties. In Figure 2, we present the variation of the
elastic constants (C11, C12 and C44) and the bulk modu-
lus B0 of MgAl2O4, MgGa2O4 and MgIn2O4 with respect
to the variation of pressure. We clearly observe a linear
dependence in all curves of these compounds in the range
of pressure considered. In Table 2, we list our results for
the pressure derivatives ∂C11/∂p,∂C12/∂p,∂C44/∂p and
∂B0/∂p of all the compounds considered. It is easy to ob-
serve that the elastic constants C11, C12 and bulk modulus

B0 increase with pressure for all the compounds. More-
over the shear mode modulus C44 decreases linearly with
increasing pressure for MgIn2O4. The negative value of
∂C44/∂p for MgIn2O4 obtained in this study may high-
light the relatively low kinetic barrier for structural phase
transformation in this compound. A linear extrapolation
of C44 to higher pressures puts the high-pressure phase
transformation at over 66 GPa. The same behavior is also
observed in other spinels [42]. To our knowledge no exper-
imental or theoretical data for the pressure derivatives of
elastic constants for MgGa2O4 and MgIn2O4 compounds
are given in the literature. Our results may be considered
as reliable predictions of the pressure dependence of the
elastic properties of MgAl2O4, MgGa2O4 and MgIn2O4

compounds.

4 Conclusions

Employing the pseudo-potential plane-wave approach
based on density functional theory, within the local den-
sity approximation and generalized gradient approxima-
tion, we have studied the structural and elastic properties
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of MgAl2O4, MgGa2O4 and MgIn2O4 spinel compounds
under pressure. A summary of our results follows.

(i) The calculated equilibrium structural parameters are
in agreement with the available experimental and the-
oretical data.

(ii) The variation of the internal parameters of these
compounds with pressure is examined. A quadratic de-
pendence is found. The results predict that the spinel
oxides try to reach the ideal spinel structure charac-
terized by u = 0.25, in agreement with pervious theo-
retical studies.

(iii) A numerical ab initio method was used to calculate
the elastic constants C11, C12 and C44 for these com-
pounds. The reliability of the predicted elastic con-
stants of MgGa2O4 and MgIn2O4 is checked by com-
paring the calculated elastic constants of MgAl2O4 to
the experimental data. Calculated elastic constants of
MgAl2O4 are in agreement with the available experi-
mental data.

(iv) We have found a linear dependence of bulk modulus
and elastic constants with applied pressure. Our results
may be considered as reliable predictions of the pres-
sure dependence of the elastic constants of MgAl2O4,
MgGa2O4 and MgIn2O4 compounds.

The first author would like to express his sincere gratitude
to Dr. Claude Demangeat and Dr. Cyril Bourgogne from the
Institut de Physique et Chimie des Matériaux de Strasbourg-
France, for their hospitality and computing facilities.
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